Abstract: The objective of this paper is to develop a novel tip position control scheme based on an exact model for a two link flexible manipulator with all joints revolute. We assume that each link of the flexible manipulator is a uniform EulerBernoulli beam with Kelvin-Voigt damping. The exact model that is described by a set of ordinary and partial differential equations is derived by using Hamilton's principle. An output feedback strategy is developed based on potential energy shaping and dynamic extension. We prove that the controller locally stabilize the closed loop system by considering an invariant level set.
INTRODUCTION
Tip position control problems for flexible link manipulators have attracted much attention of many researchers. Flexible robot manipulators belong to a class of infinite dimensional systems and their exact model is described by a set of coupled nonlinear ordinary and partial differential equations (ODEs and PDEs). Furthermore, tip position control problems are complicated by the nonminimum phase characteristics of the system. Moallem et al. [1] have developed a control scheme based on the input-output linearization technique together with an observation technique for a two link manipulator which have a flexible beam as the last link. They have employed the output re-definition technique to choose points near the tip of the arm for the zero dynamics to be stable. Bigras et al. [2] have addressed a robust adaptive controller based on the virtual joint space technique for a class of robots with the last link flexible. They have employed the virtual joint space that is kinematically related to the tip position while the tip position depends on both the kinematics and the dynamics. The control methods derived in the literature are inapplicable to a class of robots with all links flexible since the assumed mode shape expansion technique has been used to discretize the partial differential equations. For robots with all links flexible, boundary conditions at the free end of intermediate links are non-linear and inseparable, and thus the dynamic model described by a linear combination of assumed mode shapes provides inadequate behavior. Moreover, the assumed mode shape expansion method leads to so-called spillover problem, which stems from reduced order model obtained by truncating the high order vibration modes that lie out of an interested bandwidth.
On the other hand, for joint regulation problems, controller design methods that take better advantage of a hidden nature in flexible manipulators have attracted much attention of many researchers. This nature is called passivity and is used for studying input/output stability of general non-linear system including infinite dimensional systems [3] . Exponential stability for the initial-boundary problem of a single link flexible manipulator with a strain feedback has been proved by using the framework of the general abstract evolution equation on Hilbert space [4] . Matsuno et al. [5] have showed that the proportional, derivative, and strain (PDS) feedback control algorithm asymptotically stabilize rigidity connected two flexible beams. Zhang et al. [6] have proposed the strain feedback control scheme for a two link flexible manipulator based on an exact PDE model. Stability of the controller has been proved by using passivity and a modified potential energy. However, passivity-based control design scheme can not be applied directly to tip position control problems since the input/output relation from the joint torque to the tip position is not passive due to their noncollocated characteristics. This fact suggests considerable difficulty in direct application of the passivity based control method to the tip position control problem. Rise to this difficult challenge, Damaren [7] has introduced the µ-output that is a linear combination of collocated and non-collocated variables so as to establish the passive map from input to the µ-output. His idea, however, is not a truly effective manner for our purpose since his strategy requires a discretized plant model and variables to be controlled are not actual output.
The objective of this paper is to develop a novel tip position control scheme based on an exact PDE model for a two link planner flexible manipulator with all joints revolute. The techniques employed in this paper are potential energy shaping and damping injection via dynamic extension [8] . We assume that each link of the flexible manipulator is a uniform Euler-Euler beam with Kelvin-Voigt damping. The exact model that is described by a set of ordinary and partial differential equations with non-linear boundary conditions is derived by using Hamilton's principle. Then a tip position feedback strategy is developed based on potential energy shaping plus damping injection via dynamic extension. Local asymptotic stability of the closed loop system is proved by showing that any trajectory starting from a level set associate with an energybased positive definite function approaches an ω-limit set.
MODELING
Each link of the two link flexible manipulator depicted in Fig. 1 is a uniform Euler-Bernoulli beam of length L i , mass per unit length ρ i , flexural rigidity E i I i , and Kelvin-Voigt damping coefficient c i , in which subscript i (i = 1, 2) denotes the link number. One end of the link i is rigidly clamped to the hub of moment of inertia J i . The concentrated mass m i is attached at the other end. The manipulator only moves in the horizontal plane, and consequently, the gravity can be ignored.
The motion of the manipulator can be completely determined by the rigid motion with respect to the inertia coordinate system plus the motion of an arbitrary point on each link with respect to a body attached coordinate system. The origin of the inertia coordinate system Σ 0 is located on the axis of rotation of the motor 1 as shown in Fig. 1 . To describe the relative motion of link i, we attach two coordinate systems on link i: The coordinate system Σ i whose origin is rigidly attached to the clamped end of link i and the coordinate system Σ iE whose origin is rigidly attached to the other end. The coordinate system Σ i is selected such that z i axis is coincident with the rotation axis of the motor i and x i axis is corresponding to the neutral axis of the link i in its undeformed condition. The coordinate system Σ iE is selected such that z iE axis is parallel to z i axis of Σ i and x iE axis is corresponding to the tangent line of the deflected flexible link at x i = L i .
Kinematics
Let w i (x i , t) be the transverse deflection of the flexible link i at position x i and time t. Let θ i (t) and τ i (t) be the rotation angle and the joint torque of the motor i at time t. The global position vector of a point on link 1 at x 1 can be written as
where 0 R 1 and 1 r 1 are the rotation matrix from Σ 0 to Σ 1 and the position vector of a point on link 1 at x 1 with respect to Σ 1 which are described by
In a similar way, the global position vector of a point on link 2 at x 2 can be written by in which 1 R 1E and 1E R 2 are the rotation matrices from Σ 1 to Σ 1E and from Σ 1E to Σ 2 ; 2 r 2 and 0 r 1E are the position vector of a point on link2 at x 2 in Σ 2 and the global position vector of the point on link 1 at x 1 = L 1 . They are described by
Calculating Eq. (4) and letting x 2 = L 2 , we have the tip position of the manipulator
where the superscript T denotes the transpose of a vector and each element of 0 r 2E is given as follows
Since the kinematics is a function of θ 1 , θ 2 , w 1E , w ′ 1E , and w 2E , Eq. (6) can be written by
where q r and q E are defined by
Differentiating Eq. (9) with respect to time yields
where J 1 and J 2 are jacobi matrices defined by
Dynamics
Hamilton's principle is used to derive the governing equations of motion and the boundary conditions of the system. This principle is stated mathematically as
where T is the kinetic energy of the system; U is the strain energy of the flexible links; δW nc is the virtual work done by the input torques and the nonconservative Kelvin-Voigt damping. The kinetic energy and the strain energy of the system are
where 0 r i and 0 r iE are the global position vectors of link i at x i and L i . The virtual work done by nonconservative forces are described by
By substituting Eqs. (14), (15), and (16) in Eq. (13) and using the techniques of calculus of variations, one gets following governing equations
and following boundary conditions
OUTPUT FEEDBACK STABILIZATION
This section provides the main result of output feedback stabilization for the tip position control problem of the flexible link manipulator. Kinetic energy shaping plays no role in regulation problems, potential energy shaping and damping injection are adequate for obtaining a dynamic compensator. The proof of stability is done in a manner similar to the reference [9] .
Theorem Let 0 r 2Ed be a given tip point configuration andq
are the control law, in which
are positive definite matrices; q c = [q c1 , q c2 ] T and q e = [w 1 , w 2 ] T are the generalized vector of the dynamic compensator and the deflection vector, respectively. Then, there exists a positive constant β > 0 and the compact region
such that J 1 is non-singular in Ω c and any trajectory of the closed-loop system starting inside the region Ω c asymptotically converges to the desired tip position 0 r 2Ed as t → ∞. V is defined by V (q r , q e , q c ;q r ,q e )
Proof The function V has a unique minimum atq r = 0, q e = 0, q e = 0, q c = 0, and 0 r 2E − 0 r 2Ed = 0. Thus V could be a Lyapunov function candidate for the closed-loop system. However, this is not true. The closed-loop dyanamics disallows direct examination of tip position convergence since it yields behavior of (q r , q e , q c ;q r ,q e ) but not one of 0 r 2E . Thus, we discuss convergence of the tip position indirectly by investigating the ω-limit set of (q r , q e , q c ;q r ,q e ) starting from Ω c together with the forward kinematics. In this case, V is not positive definite any longer. V = 0 together with the forward kinematics leads to
This equation has countable infinite number of solutions by the following reasons: 1. In general, two degrees of freedom manipulators have two different joint configurations in which the same tip position is achieved for a given position of the end effector and a fixed value of q E . 2. Moreover, f (q r , q E ) with a fixed value of q E is a periodic function in q r with a period of 2π and in consequence Eq. (29) has countable infinite number of solutions. This fact implies that there are countable infinite number of (q r , q e , q c ;q r ,q e ) at where V (q r , q e , q c ;q r ,q e ) = 0 and thus V is not positive definite.
Let N denote the set
in which the constant β is chosen such that det J 1 (q r , 0) = 0. This condition implies that the manipulator dose not pass through the singular configuration and thus the set N contains only one of the two joint configurations satisfying f (q r , 0) = 0 r 2Ed . Let q • r denote this joint configuration. Choosing a small value for β results in that N be a collection of bounded sets that have no intersection with each other while N is a unbounded set since f (q r , 0) = 0 r 2Ed is a periodic function as mentioned before. Let N (β) be the set that contains only q • r among the collection of bounded sets. If (q r , q e , q c ) is restricted in N (β) then V is positive definite and has a unique minimum at (q r , q e , q c ;q r ,q e ) = (q • r , 0, 0; 0, 0). Note that N (β) is not a ball region. Since V is positive definite for any sufficiently small β > 0, the level set
is compact. Differentiating the positive definite function V with respect to time and substituting Eq. (11) in it yielḋ
Then, substituting the control law (25) and (26) leads tȯ
Therefore, Ω c is invariant sinceV ≤ 0 on Ω c and it follows that the equilibrium (q Next, we show that every trajectory starting from a configuration inside Ω c converges to the equilibrium. To this end, let (q r (t),q e (t),q c (t);q r (t),q e (t)) denote the trajectory corresponding to the initial configuration (q r0 ,q e0 ,q c0 ;q r0 ,q 0e ) ∈ Ω c and letγ denote its ω-limit set. Thus, by definition of the ω-limit set, there exists a sequence of times {t n } n∈N with t n → ∞ as n → ∞ along which (q r (t n ),q e (t n ),q c (t n );q r (t n ),q e (t n )) → (p r ,p e ,p c ;ṗ r ,ṗ e )
where (p r ,p e ,p c ;ṗ r ,ṗ e ) ∈γ. V is bounded on Ω c by compactness of Ω c and contains an infinite number of points by continuousness of V , and it follows from the Bolzano-Weierstrass theorem [10] that there exists a convergent subsequence
Let a be the limit of this sequence
In consequence, we have
since q r (t n(k) ),q e (t n(k) ),q c (t n(k) );
approaches to (p r ,p e ,p c ;ṗ r ,ṗ e ) as k → ∞. Let (q r (t),q e (t),q c (t);q r (t),q e (t)) be the trajectory passing through the point (q r0 ,q e0 ,q c0 ;q r0 ,q e0 ) inγ at time 0, then it remains onγ for all future time sinceγ is invariant. Thus, for all future time t ≥ 0, we have V (q r (t),q e (t),q c (t);q r (t),q e (t)) = a.
IntegratingV from 0 to T with respect to time leads to
which implies that the trajectory starting from the configuration (q r0 ,q e0 ,q c0 ;q r0 ,q e0 ) ∈γ converges to the set of all points satisfyingq r = 0, q c + A 1 0 r 2E − 0 r 2Ed = 0,ẇ 
This suggests that the control law (25) and (26) is equivalent to the PI feedback of the tip position and I feedback of the tip deflection plus the feedback of joint velocity.
CONCLUSION
This paper proposes a novel control scheme to solve the tip position regulation problem for a two link flexible manipulator with Kelvin-Voigt damping.The exact model is described by a set of coupled non-linear ordinary and partial differential equations with highly non-linear boundary conditions. An output feedback controller is derived by using the potential energy shaping technique and damping injection via the dynamic extension method. Local asymptotic stability of the closed loop system is proved by invoking an ω-limit set on a compact level set.
Although the proposed control law archives local asymptotic stability, strain energy dissipation via KelvinVoigt damping is required in the governing equations. However, strain feedback techniques reported by many researchers [5] , [6] suggest that it may be replaced by strain energy dissipation via the strain feedback. The issue of this control method remains as future works.
